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1 Introduction 

This work is motivated by the fohowing question: Does pathwise uniqueness hold in the 
paraboUc stochastic pde 

d 1 

— n(t, x) = -Au{t, x)dt + y/u{t, x)W{x, t)7 (1) 

Here A denotes the Laplacian and W is space-time white noise on IR+ x M. It is known that 
uniqueness in law holds for solutions to in the appropriate space of continuous functions and 
such solutions are the density for one-dimensional super-Brownian motion (see, e.g., Section III.4 
of |Pn2j ). One motivation for studying pathwise uniqueness is the hope that such an approach 



would be more robust and establish uniqueness for closely related equations in which ■\/u{t, x) 
could be replaced by ^J "i{u{t, x))u{t, x). Such models arise as scaling limits of critical branching 
particle systems in which the branching rate at {t,x) is given by 'y{u{t,x)). The method used 
to establish uniqueness in law for solutions of is duality. This approach has the advantage 
of giving a rich toolkit for the study of solutions to but the disadvantage of being highly 
non-robust, although one of us was able to extend this method to powers of u{t,x) between 1/2 
and 1 (see |M98]). 

The difficulty in proving pathwise uniqueness in ^ arises from the fact that ^/u is non- 
Lipschitz. The above equation does have the advantage of having a diagonal form-that is, 
when viewed as a continuum-dimensional stochastic differential equation there are no off-diagonal 
terms in the noise part of the equation and the diffusion coefficient for the x coordinate is a 
function of that coordinate alone. For finite-dimensional sde's this was the setting for Yamada 
and Watanabe's extension ( YW71 ) of Ito's pathwise uniqueness results to Holder continuous 
coefficients, and so an optimist may hope this approach can carry over to our infinite dimensional 
setting. As we will be using their conditions later, let us recall the Yamada- Watanabe result. 
Let p be a strictly increasing function on such that 



p '^{x)dx = oo. (2) 

0+ 

Now assume that cr : M ^ M is such that for all x, y G M, 

\<j{x)-a{y)\<p{\x-y\). (3) 
Then pathwise uniqueness holds for solutions of the one-dimensional sde 

X{t) = X{0)+ f a{X{t))dB{t), (4) 
Jo 

where S is a standard Brownian motion. The square root function clearly satisfies the above 
hypotheses but the infinite dimensional setting has stymied attempts to carry the methodology 
over. Yamada and Watanabe's proof has been simplified (see e.g.. Theorem IX. 3. 5 of jEY91j ) 
by the notion of the local time of a semimartingale and the fact that u{t, x) will not be a 
semimartingale in t for x fixed (it will only be Holder continuous of index 1/4) would seem to be 
a serious obstacle in directly applying these methods. 

We will not resolve the uniqueness question posed above, but will succeed in extending the 
above ideas to stochastic heat equations of the form 

d 1 

— n(t, x) = -Au{t, x)dt + a{u{t, x))W{x, t). (5) 
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for colored noises other than white, and appropriate Holder continuous, but not necessarily 
Lipschitz continuous, a. Here, u is a random function on x and we sometimes write ut 
for u{t, •). The coefficient o" is a real- valued continuous function on R. It is assumed throughout 
this work to satisfy the following global growth condition: For all u £ R there exists a constant 
such that 

\a{u)\<<^l + \u\). (6) 

Here and elsewhere Cj and Cj.j will denote fixed positive constants, while C will denote a pos- 
itive constant which may change from line to line. The noises W considered here are Gaus- 
sian martingale measures on R+ x R*^ in the sense of Walsh jWal86j . W is defined on a fil- 
tered probability space (fi, JT, JT^, P) and Wj((/>) = Jt^^ (j){s ^ x)W {dxds) is an J'^t-martingale 
for (j) G Cc°°(R+ X R'^'), the space of compactly supported, infinitely differentiable functions on 
R+ X R'^. If W{(j)) = Woo{(t>)^ W can be characterized by its covariance functional 

McP,^):=K[W{<P)Wm= / / (l)is,x)k{x,y)ij{s,y)dxdyds, (7) 

Jo Jk'' Jw^ 

for (j),ip £ C^(R+ X R'^). We cah the function k : R^"^ R the correlation kernel of W. Some 
sufficient conditions for the existence of a martingale measure W corresponding to k are that 
Jk is symmetric, positive definite and continuous. Thus, necessarily, k{x, y) = k{y, x) for all 
X, y G R'^. Continuity on is implied, for example, if k is integrable on compact sets. We also 
note that a general class of martingale measures, spatially homogeneous noises, can be described 
by ((TJ where k{x,y) = k{x — y). 

If (t{u) = u then equation © arises as the diffusion limit of super-Brownian motion in R*^ 
where the offspring law depends on a random environment, whose spatial correlation is described 
by k. For k bounded, this was proven in |Stu03j . More general coefficients a may be thought of 
as reflecting an additional dependence of the offspring law on the local particle density. 

If k is bounded, Viot |Vio76j proved pathwise uniqueness for solutions to © on bounded 
domains of R'^ for cf{u) = y/ u{l — n)_|_, where the subscript indicates that the positive part of 
the function is taken. We will extend this result to our setting for solutions of © on R'^ with 
bounded k in Theorem 11.61 below. Note that white noise will correspond to the case where we 
set k equal to the generalized function 5q in the above. Our main result (Thm ^31 below) will 
interpolate between these settings and establish pathwise uniqueness for colored noises for which 
the correlation is bounded by a Riesz kernel, 

1^(2;, y)\ < ^l^; — y| " + 1] for all x, y G R'^ and appropriate a > 0. (8) 

In order to formulate a condition on the singularity of k and relate our conditions to those 
in the literature, we define the spectral measure, //, of a spatially homogeneous covariance kernel 
k: 

k{x)(t>{x)dx = [ F(P{^)^i{dO (9) 



for any rapidly decreasing test function (j) where ^(/>(0 = J^d exp(— 2z7r^ • x)4>{x)dx is the Fourier 
transform. Later on we will assume ;U to be a tempered measure fulfilling for some rj G [0, 1], 



To relate (jSJ with condition ()1U() used in the literature, we introduce: 
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{A)jj: {rj > 0) W is a Gaussian noise with correlation kernel \k{x,y)\ < (^^{x — y),x,y G M*^ 
for some symmetric, locally bounded and positive definite kernel k whose spectral measure 
satisfies (fTn|) . 

(^)o: is a Gaussian noise and its correlation kernel k is bounded. 



Remark 1.1 Note that ^ implies {A)^ for a G (0, 2r/ A d) : Here, k{x) = + 1 and the 

spectral measure is of the form ^{d^) = ( [Jjj ^|^|°~'^dg + ^o(dO] • Hence, condition ^^) is satisfied 
if and only if a £ (0, 2r/ A d) (see Chap. V Lemma 2(a) of ISteSl^ ). Note also that the positive 
definite spatially homogeneous kernels ka{x,y) = \x — y\~" give a natural family of kernels for 
which our results will hold. 

In order to make sense of the formal equation @ we use the variation of constants form of 
solutions: Denote by p be the d-dimensional heat kernel 

1 bp 

Pt{x) = - -rexp( — — ). (11) 

(27rt)2 

A stochastic process u : O x M+ x M"' ^ M, which is jointly measurable and ^(-adapted, is 
said to be a solution to the stochastic heat equation © in the variation of constants sense with 
respect to the martingale measure W, defined on 0, and initial condition uq, if for each t > 0, 
a.s. for almost all x G M*^ 

u{t,x) = / pt{x - y)uo{y)dy + / ptsix - y)a{u{s,y))W{dyds). (12) 

Solutions to H12|l have been well studied in the case where a is Lipschitz continuous in u. A 
sufficient condition for strong existence and uniqueness of solutions is given by (A)^ for r/ < 1, 
see Dalang |Dal99j (see also Theorem IH.ll in the Appendix) and Peszat and Zabczyk IPZODj . 



Holder continuity of the sample paths was established by Sanz-Sole and Sarra |SSS02j if r/ < 1 
(cf. Lemma lfi.4l in the Appendix). 

To state the main results we introduce some notation, which will be used throughout this 
work: We write C(M'^) for the space of continuous functions on M"'. A superscript k, respectively 
oo, indicates that functions are in addition k times, respectively infinitely often, continuously 
differentiable. A subscript b, respectively c, indicates that they are also bounded, respectively 
have compact support. We also define 



A,oo 



sup \f{x)\e 



-Ala; 



set Ctem '■= {/ S C(M'^), ||/||a.oo < OO for any A > 0} and endow it with the topology induced 
by the norms || • ||a,oo for A > 0. That is, /„ ^ / in Ctem iff lim„^oo 11/ - /n||A,oo = for all 
A > 0. For I C M+, let C(I, E) be the space of all continuous functions on / taking values in a 
topological space E, endowed with the topology of uniform convergence on compact subsets of /. 
A stochastically weak solution to (|12|) is a solution on some filtered space with respect to some 
noise W, i.e., the noise and space is not specified in advance. 

With this notation we can state the following standard existence result whose proof is outlined 
in the Appendix: 



5 



Theorem 1.2 Let uq S Ctem, oind let a he a continuous function satisfying the growth hound 
Assume that ^ holds for some a G (0, 2 A d). Then there exists a stochastically weak solution to 
U^) with sample paths a.s. in C(M+,Ctem)- 

Remark 1.3 (a) The proof in fact only requires that {A),^ hold for some r/ G [0, 1), a condition 
which follows from the ahove bound on k hy Remark \l.l\ 

(h) In the case where the correlation kernel is bounded, existence has been shown for more general 
initial conditions and solution spaces in Sturm EMI- Define ^^(R'^) := LP{M.'^,e~^\''\dx) and 
denote the associated norm by \ \ ■ \ \x,p- Then i/E(||no||^p) < oo, for some p > 2 and A > there 
exists a stochastically weak solution u G C(M-|-, L^(M'^)), to il^) which satisfies 



We say pathwise uniqueness holds for solutions of (fT^ in C(IR+, Ctem) if for every uq £ Ctem, 
any two solutions to (|T^ with sample paths a.s. in C(M+, Ctem) niust be equal with probability 
1. For Lipschitz continuous a, it is easy to modify Theorem 13 of |Dal99j and Theorem 2.1 
of |SSS02j to get pathwise uniqueness and Holder continuity of solutions for a < 2 A d. Also, 
Theorem 11 and Remark 12 of (Dal99 show that function- valued solutions will not exist for 
a > 2 A d. Here then is our -it holds in any spatial dimension d: 

Theorem 1.4 Assume that for some a G (0, 1), o" : M ^ M satisfies is Holder continuous 
of index 7 for some 7 G i^-^^, 1], and 



Then pathwise uniqueness holds for solutions of hl'0\) in C{M.j^,Ctem)- 

Remark 1.5 The Holder condition on a may be weakened to to the local Holder condition: 
For any K > there exists L = L{K) such that 



In the above result there is a trade-off between the Holder continuity of a and the singularity 
of the covariance kernel of the noise. For d = 1, letting a — > 1— and renormalising will give 
white noise. More specifically, if ka{x — y) = ^-^\x — then for (p^tf: £ C^(M+ x W^), 

limci^i_ (</','(/') = /o°° / 4'{s,x)'ip{s,x)dxds. The Holder condition in Theorem 11.41 approaches 
Lipschitz continuity. (As k should be locally integrable we cannot expect to take a = 1.) Hence, 
although the result does not say anything about white noise itself, it at least coincides with the 
known Lipschitz conditions which imply pathwise uniqueness in the limit as a approaches 1. The 
same cannot be said for higher dimensions. Here, the aforementioned results of Dalang, and 
Sanz-Sole and Sarra show that for a < 2 we will have pathwise unique continuous solutions when 
the coefficients are Lipschitz continuous. Unfortunately, our hypotheses become vacuous in the 
above uniqueness theorem when a exceeds 1 and so we believe our condition on the Holder index 
in Theorem 1 1.41 is non-optimal in dimensions greater than 1. At the other end of the scale we see 
that as a approaches 0, the required Holder exponent approaches 1/2, the critical power in the 
one-dimensional results of Yamada and Watanabe. In fact, if the covariance kernel is bounded 
we can weaken the Holder condition on a to precisely the Yamada- Watanabe condition (|2l3j) 
introduced above. Again the result holds in any spatial dimension. 




(13) 



\Hx,y)\ < iTTf 



x - y|"" + 1] for all x,y G M^. 



\a{u) — a{v)\ < L{\u — v\'^ + \u — v\) \/u,v : \u\,\v\<K, 
where 7 is as Theorem \1.4\ The required modifications in the proof are elementary. 
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Theorem 1.6 Assume that {A)q holds and that o" : M ^ M satisfies ^ and 0)- Then pathwise 
uniqueness holds for solutions of hl^) in C(M+,Ctem)- 

Remark 1.7 (a) The conclusions of Theorems \l-4\ and^^ remain valid if we allow for 
an additional drift term in the heat equation. More precisely, we can add a term of the form 
Jq f pt-s{x — y)f{u{s,y))dyds to the right hand side of IIV^) . where f satisfies the growth bound 
1^, is continuous in the existence theorem, Theorem li.M and is Lipschitz continuous for the 
uniqueness results. Theorems \l.4\ and \l.b\ The additional arguments are standard. 

(h) The pathwise uniqueness conclusions of Theorems \1.4\ and M.bl and weak existence given by 
Theorem I i . ij| imvlu the existence of a strong solution to ilijj)] . that is a solution which is adapted 
with respect to the canonical filtration of the noise W . The proof follows just as in the classical 
sde argument of Yamada and Watanabe (see, e.g. Theorem IX. 1.7 of iRYOlf ). 

(c) Theorem ] 1. 61 holds true if we consider solutions with paths in C{W^, L^{W^)) as was done in 
Viot's work \Vio7(^ . In fact, the arguments given in sections\^ and\^ remain the same in this 
case. The only difference is that a bit more care has to be taken to justify some of the convergences 
as the solutions are not necessarily continuous. But this can be done in a straightforward way. 

The proof of our pathwise uniqueness theorems will require some moment bounds for arbitrary 
continuous Ctem-valued solutions to the equation (|T^ . Let St4>{x) = J pt[y — x)(f)[y)dy. The 
following result will be proved in the Appendix. 

Proposition 1.8 Let uq £ Ctem, o-nd let a be a continuous function satisfying the growth bound 
1^. Assume that ^ holds for some a G (0, 2 A d). Then any solution u G C(M+, Ctem) to M!i^) 
has the following properties. 

(a) For any T, A > and p G (0, 00), 

e( sup sup |u(t,x)|Pe"^l'''l) < 00. (14) 

(b) For any ^ G (0, 1 — a/2) the process u{-, •) is a.s. uniformly Holder continuous on compacts 
in (0, cxd) X and the process Z{t,x) = u{t,x) — StUQ{x) is uniformly Holder continuous 
on compacts in [0, cxd) x M°', both with Holder coefficients | in time and ^ in space. 

Moreover, for any T,R > 0, and < t,t' < T, x, x' G M"^ such that \x — x'\ < R as well as 
p G [2,00) and G (0, 1 — a/2), there exists a constant ( fj^ = t ^YSj T^p, A, R, g) such that 



E 



Z{t,x) - Z{t', xOl^e-^l^^'l) <<\T^{\t- t'\2P + \x- . (15) 



Remark 1.9 The proof of the above will only require {A)jj for some rj G [0, 1), a condition which 
is implied by the hypotheses above (see Remark ll.l]) . In this case we should take ^ G (0, 1 — //) in 
(b) as is done in the proof in the Appendix. 

It is straightforward to show that under the hypotheses of Theorem II. 2| solutions to (|12j) 
with continuous Cfem-valued paths are also solutions to the heat equation in its distributional 
form for suitable test functions ^. More specifically, for $ G C^{M.'^) : 

I u{t,x)^{x)dx = I uo{x)^{x)dx + [ [ u{s,x)-A^{x)dxds (16) 

+ / / a{u(s,x))<^>{x)W{dxds) Vt > a.s. 
Jo Jr'' 
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In fact, given an appropriate class of test functions, the two notions of solution (|12|) and H16|) 
are equivalent. In our case, some C > and all x G M''} is a 

suitable class of test functions. For the details of the proof we refer to Sturm JStu025 Proposition 
3.2.3. There, the setting is a bit different as it works in the setting of Remark 11.31 with bounded 
k. However, the arguments do not change for the case of k unbounded as long as the stochastic 
integral in ()16() is well defined, which can easily be checked. 

We now briefly outline the proof of our main result (Theorem II. 4|) and the contents of the 
paper. To emulate Yamada and Watanabe, consider a pair of solutions, v} and v?, to (|T^ . 
set u = v} — V? , and use (|16j) and Ito's lemma to derive a semimartingale decomposition for 
/o / \u{s ^ x)\^ s{x)dxds , where ^s(x) > is a smooth test function. This involves approximating 
x)\ by ijjn{{us, ^mi' — x))) as m, n — > oo, where {ipn} are smooth functions approximating the 
absolute value function as in |YW71j . and is a smooth approximate identity. In Section 2 

the martingale and standard drift terms which arise are handled in a relatively straightforward 
manner in a general setting including that of both Theorems 11.61 and 11.41 (see Lemma 12. 2|) . Here 
we may let m,n ^ oo in any manner. The problematic term, called below, is the one 
arising from the V'n/^ term in using Ito's lemma and so will involve the quadratic variation of 
the martingale term. In the context of the Yamada- Watanabe proof, it is the one which leads to 
the local time at of the difference of two solutions to the sde, Lf{X^ — X^). There, this term is 
shown to be using the modulus of continuity of a and the regularity of the sample paths of the 
solutions (the latter implicitly as one needs the stochastic calculus associated with continuous 
semimartingales) . 

In Section 3, is shown to approach if we first let m — > oo and then n — > oo in the 
simpler context of Theorem 11.61 This leads to 

J E{\u{t,x)\)^t{x)dx < Je{\u{s,x)\)^A^s{x) + i>s{x)\dxds, (17) 

from which n = follows easily by taking ^six) = J pt-siu — x)(l){x)dx. We feel the ease of this 
argument is partly related to the greater path regularity u in this context-it is Holder continuous 
in space with index 1 — e and in time with index ^ — e by results of Sanz-Sole and Sarra (see 
^SSS02 and Lemma IHH] below). 

In Section 4 we complete the proof of Theorem 11.41 bv showing lim^^oo -^3""'" = for a 
judicious choice of m„, which again leads to H17() . In this setting u{t, x) is only Holder continuous 
of index ^— — e in time and 1 — ^ — e in space (see Lemma or |SSSfl2j ) and this additional 
irregularity makes the argument more involved. In the Yamada-Watanabe context, the key fact 
that L^{X^ — X^) = reflects the fact that the solutions must separate "slowly" if they do so 
at all. In our setting we will argue along similar lines by showing that u{t, x) is more regular in 
{t^x) at small values of u{t,x), i.e., when the solutions are close (see Theorem 14. If) . For example, 
they will be Holder of index ""^^ A 1 — e in space near space-time points where u is sufficiently 
small (see Corollary 14.2)) . Theorem 14.11 is proved in Section 5 and is the key to the proof of 
Theorem 11.41 which is completed in Section 4. This improved modulus of continuity result may 
be of independent interest. In fact a similar result to Theorem 14. II was derived independently by 
Mueller and Tribe in the context of white noise, in their ongoing work on the zero set of solutions 
to (P). The continuity results of Sanz-Sole and Sarra ( jSSS02j l and the factorization method they 
use (see |PKZ87) ). play a critical role in the proof of Theorem 14.11 in our colored noise setting. 
Section 6 is an Appendix including the proofs of the weak existence theorem (Theorem II. 2p and 
the required moment estimates (Proposition 11.8)) . 
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2 Some auxiliary results 

Let /) be as in ((21). An elementary argument shows that fQ_^{p(x) + ^/x)^'^dx = +oo (e.g. consider 
liminf^io p~'^{x)x > 1 and liminf^|o p~'^ix)x < 1 separately). As we will be using p as a modulus 
of continuity (see ©) we may replace p with p{x) + y/x and so assume 

p{x) > yG. (18) 

As in the proof of Yamada and Watanabe |YW71j . we may define a sequence of functions (pn in 
the following way. First, let i be a strictly decreasing sequence such that oq = 1, and 

O.n-1 

p~'^{x)dx = n. (19) 



Second, we define functions V'n £ such that supp{ipn) C (a„,a„_i), and that 

< V'n(x) < — — — < — for ah X G M as weh as / ipn{x)dx = 1. (20) 
n nx Ja„ 

Finally, set 

Mx)= I r Mz)dzdy. (21) 



JO JO 

From this it is easy to see that (pnix) ] \x\ uniformly in x > 0. Note that each and thus also 
each (j)n is identically zero in a neighborhood of zero. This implies that (pn G C°°(R) despite the 
absolute value in its definition. We have 



(P'^ix) = sgn(x) / My)dy, (22) 
Jo 

4>l{x) = Vn(|x|). (23) 



Thus, |(/>^(3;)| < 1, and j (j)'^{x)h{x)dx h{0) for any function h which is continuous at zero. 

Now let and be two solutions of H12|) with sample paths in C{M.^,Ctem) a.s., with 
the same initial condition, u^{0) = li^(O) = uq £ Ctem-, and the same noise W in either the 
setting of Theorem 11.61 or Theorem 11.41 We proceed assuming Proposition 11.81 which will be 
derived in the Appendix. Define u = — . Let ^ G C^(M°') be a positive function with 
supp{(^) C -8(0, 1) (the open ball centered at with radius 1) such that ^{x)dx = 1 and 
set '^^{y) = m'^'^{m{x — y)). Let (•, •) denote the scalar product on iF'iW^). By applying Ito's 
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Formula to the semimartingale {ut, of H16|) it follows that 



t 

Jw^ 



^ Jo JIR2d 

^^{y)^']^{z)k{y,z)dydzds. 



We integrate this function of x against another non-negative test function ^ € C^([0,t] x 
Assume T = {x : ^'^(a;) > 3s < t} C B{0, K) for some K > We then obtain by the classical 
and stochastic version of Fubini's Theorem, and arguing as in the proof of Proposition II. 5. 7 of 
|P02j to handle the time dependence in •i/^, that for any t > Ot, 

(0„((ni,$"^)),M'i) (24) 

* / {ct^'^{{us,^"'))^^{y),-^,) {a{u\s,y)) - a{u\s,y)))W{dy,ds) 
JR-^ 







+ \l I M\{ns,^'^)\){cT{u\s,y))-a{u\s,y))){a{u\s,z))-a{u\s,z))) 
'^'^{y)'^'^{z)k{y,z)dydz^s{x)dxds+ [ 



We need a calculus lemma. For / G C'^{W^), let ||Z)^/||oo = maxj 



oo ■ 



Lemma 2.1 Lei / G C^^(M'') be non-negative and not identically zero. Then 

sup{ : fix) > O} < 2||Z)2/l|oo. 

PROOF. Assume first d = 1. Choose x so that f{x)\f'{x)\ > 0. Without loss of generality 
assume /'(x) > 0. Let 

xi = sup{x' < X : f'{x') = 0} G (— oo, x). 
By the Cauchy (or generalized mean value) theorem there is an X2 G {xi,x) so that 

if'ixf - /'(Xl)2)/'(X2) = (fix) - /(X1))^^^(X2) 

and, as f'{x2) > 0, we get 

f'ixf = (fix) - f{xi))2f"{x2). 
Since / is strictly increasing on (xi,x), and f{xi) > 0, 

/(x) - /(x)-/(xi) - 
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For the d-dimensional case, assume x satisfies f{x) > and let be the ith unit basis vector. 
Now apply the one-dimensional result to g{t) = f{x + tei), t S M, at t = 0. □ 

We now consider the expectation of expression (|24() stopped at a stopping time T, that we 
will specify later on. For all the terms except we can give a unified treatment for the settings 
of both Theorems 11.41 and 11.61 

Lemma 2.2 For any stopping time T and constant t >0 we have: 
(a) 

E(/f'"(tAr)) = /or a// m,n. (25) 

(b) 

limsupE(/"'"(t AT)) < e( / [ \u{s,x)\^A^s{x)dxds). (26) 



(c) 

ftAT 



lim E(/!"'"(t AT)) = E( / \u(s,x)\^s(x)ds). (27) 

m,n^oo 



PROOF, (a) Let gm,n{s,y) = {(p'niius, «>"))$™(y), ^-s). Note first that /^"•"(tAr) is a continuous 
local martingale with square function 

{lT''^)t/\T = / j gm,n{s,y)gm,n{s,z){a{u^{s,y)) - a{u^{s,y))) 



tAT 



X {a{u^ {s, z)) — a{u^{s, z)))k{y, z)dydzds 
< Cj I I" \gm,nis,y)\\9m,n{s,zMu^is,y)\ + \u'^{s,y)\ + l) 

X {\u^{s,z)\ + \u^{s,z)\ + l){\z - y\'° + l)dydzds. 







An easy calculation shows that \gm,n{s,y)\ < ||^'||ool(|y| < K + 1). Now use Holder's inequality 
and (|14() to conclude that 

E((/f'")jAT) < j j l(|y| <K + l)l{\z\ <K + l){\y-z\-'' + l)dydzds<ooyt>{). 

This shows I^'"'{t A T) is a square integrable martingale and so has mean 0, as required. 

(b) In order to rewrite J™'" we note that both (p'j^{{us,^^^)) as well as (tts, ^A<I>"^) are in 
C°°(M'^) a.s. This follows from the infinite differentiability of the test functions (ftn and $ and 
from (|14j) . Denote by A^^ the Laplacian acting with respect to x. Since Ug is locally integrable 
and $ smooth we have for |x| < K, 

[ uis,y)lAy^"'{x-y)dy= [ n(s, y) Ja,$™(x - y)dy = ^A,. / uis,y)<^"'{x - y)dy, (28) 
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for all m. This implies for any t>0, 

lT\t) = f j ct>'n{{Us.^i:))\^A{^s,^^))'^s{x)dxds 
Jo jRd. Z 

= ^^^)) k ^^^^ 

-t\[ L ^^^^^ ^^^^ 



= fi^r{s)+i^r{s)+i^t{s)ds. (29) 

Above, we have used that 0^ = tpn and we have repeatedly used integration by parts, the product 
rule as well as the chain rule on (p'^{{us-, In order to deal with the various parts of we 

will first jointly consider and 1^2^ . For fixed s and z = 1, . . . , d we define a.s., 

= U A-^ U 

where 

At' = Atn{^^{us,^7)>0}, 
At' = Atn{^{us,K^) = o}. 



On Ap' we have 



< [^{Us,^^))^s{x) < {Us,^T)-^^s{x), 



12 



and therefore for any t > 0, 

J >n(K^s, 'l>™) l)(^s, $n ^n^X 

Jo Ja+'' ^s[.x) 

< / / l[^s[x)>0) — — dxds 

< ^ ['2\\DH,\\^Are8.iT)ds='^C{^), 

n Jo n 

where Lemma l2. II is used in the last hne. Similarly, on the set A^'^, 

Hence, with the same calculation 

* l\ jni\{us,^7mns,^7)-^^six)^{us,^T)dxds 

'J ' ^ ^ 

n Jo JR'i "^six) 

< —C{^). 

n 



Finally, for any t > 0, 

ih^d/r,. 3)™My77_ cE)"^\. ^^^^^ 



and we conclude that 

E(/^';f(t A T) + i:^^{t A T)) < 4C(^)^, 

which tends to zero as re — > oo. For 123'^ recall that (^^(ti)n | \u\ uniformly in n as re — > 00, and 
that {us, tends to u{s, x) as m ^ 00 for all s, x a.s. by the a.s. continuity of u. This implies 
that (/>^((us, $™))(tts, — > pointwise a.s. as m,re — > 00, where it is unimportant how 

we take the limit. We also have the bound 

\c^U{us,^7ms,^T)\ < \{us,<^7)\<{\U^7)- (30) 

The a.s. continuity of u implies a.s. convergence for all s,x of (|'Us|,$™) to |'u(s,a;)| as m — >■ 00. 
A simple application of Jensen's Inequality and (|TH) shows that |(|ns|,^>™) | is U' bounded on 
([0,t] X B{0,K) X Q,ds X dx X P) uniformly in m. This implies 

{(|tts|,<i>™) : rre} is uniformly integrable on {[0,t] x B{0,K) x Q). (31) 



13 

and so gives uniform integrability of {\(p'^{{us,^^)){usi^^)\ ■ m,n} by our earlier bound (PU)) . 
This implies 

lim E(Cf (t AT)) =Ef /" [ \u(s,x)\-A^six)dxds). 

m,n^co ' ^Jq J 2 / 

Collecting the pieces, we have shown that H26|) holds, 
(c) As in the above argument we have 

(pn{{us-,^^x)) ~^ as m,n^ oo a.s. for all x and all s <t. (32) 

The uniform integrability in (|5T|) and the bound (pniius^^x^)) < {\us\,^^) imply 

{</)„((tts, <I>™) : n,m} is uniformly integrable on [0,t] x B{0,K) x $7. 

Therefore the result now follows from the above convergence and the bound 

< Cl(|x| < K). 

□ 



3 Proof of Theorem 11.61 

Here, we let T = t be deterministic. Given the results from Section [21 it now remains to estimate 
E(/^'"^(t)). We will then let m ^ oo before letting n oo. By the boundedness of the correlation 
kernel k and Jensen's Inequality, I^'^it) is bounded by 

\a{u\s,y))-a{u\s,y))\^^{y)dy] M\{i^s,<^7ms{x)dxds 



211^11* — ' I I 
Jo Jw 

-t 



- ^"^"°°yo X, / M\{us,^7m7iy)'^s{x)dx) dyds. 



The integral in parentheses is bounded by a constant, independent of m, is zero for all m if 
\y\ > K + 1, and as m ^ converges to ipn{u{s , y))'if s{y) for all (s,y) by the continuity of u. 
Our growth condition on a and 1)14(1 imply the integrability of 



(cr(n^(s, y) - (7{u^{s, y)f'^{\y\<K+i} dyds. 

Therefore, the Dominated Convergence Theorem implies that 

limsupE(l3"^'"(t)) < ImU-^l f {Mns){cT{ul)-<j{ul))\^s)dt 

< CW||A;||oo-, (33) 
n 

where the last line follows by ^ and (|2U() . 

Return to equation (|24|) and let first m ^ oo and then n ^ oo. Use the above and Lemma [2.2l 
on the right-hand side, and (|32() and Fatou's lemma on the left-hand side, to conclude that 

¥.{\u{t,x)\)^t{x)dx< [ [ E{\us{x)\)\lA^,{x) + 4>s{x)\dxds. (34) 

Jo JRd 2 
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Let {on} be a sequence of functions in C^{M.'^) such that :M.'^ —>■ [0, 1], 

B{0, N)c{x: QNix) = 1}, 5(0, iV + 1)^ C {x : gnix) = 0}, 

and 

sup[||V5(Ar||oo + IIZ^^s-atIIoo] = C{g) < oo, 

N 

where VgN denotes the gradient with respect to the spatial variables. Now let (j) S 
and for {s,x) G [0,t] x set "^n{s,x) = {St-s4'{x))gN{x)- It is then easy to check that 
^ CT([0, t] X R'^) and for A > there is a C = C(A, </>) such that for all N 

d 



\^^N{s,x)+^Nis,x) 



d d A 

T^St-s4>{xi)T:—gN{xi) + St^s(t>{x)—gN{x) 

^ OXi OXi 2 

1=1 



Use this in (|34|) to conclude that 

¥.{\u{t,x)\)(t){x)dx <C f I E(|n(s,x)|)e"-^l''ll{|^|>7v}dx(is. 
By Proposition 11.81 the right-hand side of the above approaches zero as — > oo and we see that 



E 



\u{t, x)\dx^ = 0. 



Therefore u^it) = v^it) for all t > a.s. by a.s. continuity. 

4 Proof of Theorem 11.41 

We continue to use the notation of Section 2 and also assume the hypotheses of Theorem 11.41 In 
particular v} and v?' are solutions of H12() . u = — , a \s Holder continuous with exponent 7 : 

\(j{u) — (t{v)\ < L\u — vP for n, u G M, 

and \k{x,y)\ < — + 1] for some a G (0, 1). We choose p{x) = \fx for our smooth ap- 

proximation of the absolute value function throughout noting that Q is not necessarily satisfied 
for large values. Nevertheless, we will use the test function and its derivatives as defined in 
(PT|) to (|^^ corresponding to this p. 

Fix some A > and let Tk = inf{t > : sup^,gKd(|n^(t, x)| + \v?'{t,x)\)e-^\''\ > K}AK. Note 
that 



Tk 00, P — a.s., (35) 



since G C(R+,Ctem)- 

Also define a metric d by 



d{{t,x),{t',x')) = + \x-x'\,t,t' eR+,x,x' gM'^, 

and set 

Zk,n,^ = {{t,x) G M+ X M'^ : t< Tk, \x\ < K,d{{t,x), {i,x)) < 2^^ for some 

{i,x) G [0,Tk] X R'^ satisfying \u{i,x)\ < 2-^^}. 

We will now use the following key result on the improved Holder continuity of u when u is 
small. It will be proved in Section [21 
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Theorem 4.1 Assume the hypotheses of Theorem \1.4[ except now allow 7 G (0, 1]. Let uq S Ctem 
and u = u^ — u'^, where is a solution of (|12() with sample paths in C(M+, Ctem) o-S- fori = 1, 2. 
Let ^ £ (0, 1) satisfy 

3N^ = N^{K,Lj) £ N a.s. such that V7V > iVg, (t,x) £ Zk,n,^ 
d{{t', y), {t, x)) < 2-^, t, t' < Tk |u(t, x) - u{t', y)\ < 2~^^. (36) 

Let < ^1 < [^7 + 1 — ^] A 1. Then there is an N^^-^ = N^-^{K,lo) G N a.s. such that for any 
N > N^-^ in N and any (t, x) £ Zx,n,s, 

d{{t',y),{t,x)) < 2~^,t,t' <Tk^ \u{t,x) - u{t',y)\ < 2"^«^ (37) 

Moreover there are strictly positive constants R, 5, ( J^ i, < J^ 2 depending only on (^,^1) and 
N(K) £ N, which also depends on K, such that 

P(% > iV) < > N/R) + i^'^+i exp(-(j2a22^^)) (38) 

provided that N >N{K). 

Remark. Results similar to the above for white noise were independently found by Carl Mueller 
and Roger Tribe in their parallel work on level sets of solutions of SPDE's. 

Recall A > is a fixed parameter used in the definition of Tk- 

Corollary 4.2 Assume the hypthoses of Theorem \L4\ except now allow 7 £ (0,1]. Let uq and 

_ 1—— 
V be as in Theorem \4 1[ and 1 — § < < -j:^ A 1. There is an a.s. finite positive random 

variable C^^k{'^) such that for any e £ (0, 1], t £ [Q,Tk] and \x\ < K, if \u{t,x)\ < for some 
\x — x\ < e, then \u{t,y)\ < C^^k^^ whenever \x — y\ < e. Moreover there are strictly positive 
constants 5, (f^^, <JsM2' depending on ^, and an ro{K), which also depends on K, such that 

for all r > roiK) > 6 + {K + l)e^'^^+^\ 

PROOF. By PropositionOtb) and the equality u = - Z'^, where Z^{t, x) = u\t, x) - StUo{x), 
we have with ^ = ^0 = ^(1 — f )• Indeed, u is uniformly Holder continuous on compacts in 
[0, 00) X with coefficient ^ in space and I in time provided that ^ < 1 — %. 



Inductively define 



+1 



e„7+i-t Ai 



2 ■ 

so that S,n T i^r^ A 1 . Fix uq so that 



Crao ^ C > Cno-i- Apply Theorem 14.11 inductivelv no times to get for S,no-i ^-nd hence H37() 
with ^1 = Cno- 

First consider e < 2~^«"o . Choose G N so that 2"^"^ < e < 2"^ {N > N^„^), and assume 
t < Tk, \x\ < K and \u{t,x)\ < < 2"^? < 2"^^"o-i for some \x - x\ < e < 2"^. Then 
{t,x) £ ZK^N,(,nQ-i- Therefore (|H7|) with ,^1 = implies that if |y — x| < e < 2~^, then 

\u{t, y)\ < \u(t, x)\ + \u{t, x) — u{t, x)\ + \u{t, x) — u{t, y)\ 
< 2-^^ + 2 • 2-^^-0 < 3 • 2-^« < 3(2e)« < 6e«. 

For e > 2 ^^"o , we have for {t, x) and {t, y) as in the corollary, 

\u{t,y)\ < (K + l)e^(^+i) < (E: + l)e^(^+i)2^«"oe5. 
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This gives the conclusion with C^^k = {K + l)e^('^+^)2^^"o + 6. A short calculation and (|3H1) 
now imply that there are strictly positive constants R, 5, cjlHli' ^Uls' depending on ^ and K, such 
that 

for all r > tq^K). The usual Kolmogorov continuity proof applied to (|15j) with u = — in 
place of Z (and ^ = ^(1 — ^)) shows there are e, C3 > such that 

>M)< c^2-^~^ 

for ah M G M. Thus, (EH) follows from □ 

Now fix a, 7 satisfying the conditions of Theorem 11.41 so a < (27 — 1) and notice that since 
1 > 7 > i this implies that > 1. Hence, we can choose ^ G (0, 1) such that 

a < ^(27 - 1) (41) 

1— — 

and 1 - f < C < ^ A 1. This means that ^ satisfies the conditions of Corollarv 14.21 

We return to the setting and notation in Section 2. In particular ^' G C^([0,t] x M'^) with 

r = {x : ^six) > 3s < t} C B{0,K). Recah Lemma lO is valid in the setting of Theorem [Ol 

_ 1 

Let m(") := a^^l^. Note that m^") > 1 for all n. We set co{K) := ro(K) V K'^e^^ (where 
ro(-ftr) is chosen as in Corollarv 14. 2() and define the stopping time 

T^^K = inf{t >0:t> Tk or t < Tk and there exist e G (0, 1], x, x, y G M with 

|x| < K, \u{t, x)| < e^, |x — x| < e,\x — y\ < e such that \u{t, y)\ > CQ{K)e^}. 

Assuming our filtration is completed as usual, T^^k is a stopping time by the standard projection 
argument. Note that for any t > 0, by Corollarv 14.21 

Vm,K<t) < nTK<t)+F{Ci,,K>co(K)) 

+ A-«e.p(-ra,(^^^^^^^) )] (43) 

which tends to zero as X ^ 00 due to ()35() . 

With this set-up we can show the following lemma: 

Lemma 4.3 For all x gT and s G [0,r^_i^], if \{us,^^^"^ )\ < On-i then 

sup \u{s,y)\ < co{K)an^i- 
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PROOF. Since \{us,^^' ')\ < a„_i and Us{-) is continuous there exists a x G B{x,^^^) such 
that [^(sji;)! < fln-i- Apply the definition of the stopping time with e = l/m^") G (0, 1] and so 
= a„_i to obtain the required bound. □ 

(n) 

Next, we bound \I^ '"| using the Holder continuity of a, as well as the definition of tpn- If 
\a{x) — cr{y)\ < L\x — yp, then 



n Jo 



<!>f"\y)^f"\z)[\y -z\-" + l]dydz^s{x)dxds. 



Now set = {xe R'^,d{x,r) < 1}. Since $(x) < C1b(o,i)(2;) and 

1b(o,i)("i^"H^ - y)) • iBiOAM'^Kx - z)) < - y)) • lB(o,i)(^mW(y - z)), 



we obtain from Lemma 14.31 

i,k)\ 

27 /.tAT, 



\lf"''-{tAT^,K) 



n an Jo Jrixri V^r / 

{27-f) 



C(qgtL,M/,<D)co(K)^^t 



n-l 



n(n + l) 
2 



Observe now that [""-^x'^dx ~ n so that " ^ ~ e*^ or (using that ao = 1) ~ e 
Thus, 

lim Ef A T. k)\) = (44) 

if n(n + 1) — (27 — ^)(n — l)n < for n large. This is equivalent to 

1 - (27 - ^) < 4^ a < ^(27 - 1) 
? 

which holds by (|IT|) . 

Use (|32|) and Fatou's Lemma on the left-hand side of (|24|) . and Lemma 12.21 and (|44j) on the 
right-hand side, to take limits in this equation and so conclude 

/ E(\uitAT^^K,x)\)^tix)dx < liminf / E (</)„( ({t^AT. $r'"')))^t(x)dx 

< fif / ^'"^ / \u{s,x)\^(l^^six)^^s{x)\dxds 

< [ [ E(\iL{s,x)\)\lA^s{x) + ^,ix)\dxds. 
. n .had \ / 2 
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Since T^^k tends in probability to infinity as ^ cxd according to (|42() . we know that 
u{t A T^^Kix) u{t,x) and so we finally conclude with another application of Fatou's Lemma 
that ^ 

/ E(\uit,x)\)^tix)dx< [ [ E(\uis,x)\) lA^six) + ^s{x) 

JK'i ^ ' Jo JR'i ^ ' ^ 

This is ()34() of Section 3 and the conclusion now follows as in the proof of Theorem 11.61 given 
there. 

5 Proof of Theorem 14.11 

In this section we will first prove three technical lemmas needed for the proof of Theorem 14.11 

Lemma 5.1 Let B he a standard d- dimensional Brownian motion. For a < d there exists a 
constant ( |g j| = ( |^ j| (a, d) such that for all x, y G M'^ and t, t' > 0, 

/ / ptjx - w)pt'{y -z)\w- zl-^'dwdz = E,.y{\Bt+t,\-'') < Epd^f+fH'") < + 

(45) 

In addition, for any X' > 0, c> 0, and < t < t' , 
f I e.^'{\^\+\A)p^{^x-w)pt'{y-z)[\w-z\-''+c]dwdz < qi^^'^^")''' e^'^^'-'^+^y^^[{t+t')-'l +c]. (46) 

PROOF. The first equality of H45() is immediate from change of variables. The second inequality 
then follows from a simple coupling argument: Let \Bl\ for i = 1,2 be the radial part of a d- 
dimensional Brownian motion started at and |x — y| respectively. Define the stopping time 
T := inf{t > : \Bj\ > Then 

\Bf\ for t < T, 
\Bj\ fort>r, 



\Bf\ - 

has the same law as \B'^\ and the property that \Bf \ > \B^ \ for all t > a.s., which implies the 
inequality of the expectations in . We finally compute by setting r = , 

EodStT") = / \w\-'^{27rt)-^ exp{-^-^)dw = Cd [ r^'^ exY>{-r)dr ■ t~^ = c{a,d)t-^ 
provided that a < d. This shows For proving we note that for < t < t', 

e^'^'^^Ptiw) < 2i exp(AVl - ^^H^)P2t{w) < cae^^"^'"' P2t{w) (47) 
since \'\w\ — ^\w\'^ < (A')^t. Therefore, 

e^'(\'^\+\'\)p^{x-w)pt'{y-z)[\w-z\-'' + c]dwdz 



< eA'(|x|+|y|) / / e^'^^'"^+^'^^pt{w)pt'{z)[\w - z + x - yl"" + c]dwdz 

< c2e2(^')'*'e^'(l^l+ls'l) / / P2t{w)p2t'{z)[\w - z + X - y\-'' + c]dwdz 

< c(a, d)e2^'*'e^(l"l+l?'l)[(t + t')"^ + c]. 
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Here, we have used a shift of variables in the first and (|47() in the second inequahty as well as 
in the third. This shows □ 

The next lemma provides some estimates of the temporal and spatial differences of the heat 
kernels: 

Lemma 5.2 There are constants (g^d) and ( j^^ a, d) such that if < (3 < 1 and X' > 0, then 
for any x,y £ R''-, < t < t', 

I ^ _ uj)-pt'{y - w)\e^'\^\dw < (e^'l^l + e^'l^l) e^/^^'d^-^D (48) 

{t'^/'\x-yf + t-f^\t'-tf), 

\pt{x - w) -pt{y - w)\\pt{x - z) -pt{y - z)\[\w - + 1] dwdz 

<<^t-^~''^+t'^]\x-y\\ (49) 

and 

I / \pt{x — w) — pt'{x — w)\\pt{x — z) — pti{x — z)\\\w — z\~°' + \]dwdz 

<'^t~'-^+t~']\t'-t\\ (50) 

PROOF. We consider the space and time differences separately. For the former, define v = x — y, 
and set % = 0,Vd = v, and Vi — Vi-i = ViCi, where Vi is the i-th component of v and Cj is the i-th 
unit vector in M'^. Therefore, 

I / \w + v\'^ Iwp ^ Iw + Vil"^ \w + Vi-l\'^ 
|exp( — )-exp( — —)\ < 2^|exp( ) - exp( )| 

i=l 

J I ^exp( )dr,\. 

Hence, by a change of variables, (|47|) . and using {wl < {wil + l^il {wi = w — WiCi), we have 
\pt{x — w) — pt{y — w)\e'^ '"''(itD 

< e^'l^l(2vrt)'i g^'"' £ ^^exp(-^^i±^!^±^)e^>ld^dr. 

< c.e(^')^''e^'(l^l+l'^l)t-^X: /'"' r ^^exp(-i^^^i±^)e^'l-ld^.dr. 

Y^e'>^\\v,\\ 1^ !-exp{-'-)dr 

< Qe(^')'*'e^'l"l+2A'l-2/lt-i|a;_y|. (51) 
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Similarly, using that a < cexp(a^/4) for all a G M+, we get 

\pt{x -w) - pt{y - w)\ ■ \pt{x - z) -pt{y - z)\[\w - z\~°' + 1] dwdz 

2 




< cr 




JO 



t 



■ exp(- 



2t 



-) 



\zi + fi\ , \Z + Vi-i + fiCi^ l-a , 11^ ^ 

■ exp( — )ariari[\w — z\ +\\ dwdz 



t 



i-\vj\ 



Jo 




exp(- 



2t 



2t 



it 



exp( 



d i.\vi\ I- 

< C{a,d)t-' / / 
i,j=l -^0 -^0 



2t 

[t'^ + l](irj(ir 



At 



< Cia,d)[t-^-'l +t-']\x-y\^, 

where we have used an appropriate shift of variables and Lemma IS.ll in the previous to last line. 
This shows 

For the time differences observe that for some C = C{a, d), 



d d \W\ ^ 

\pt{w)-pt'{w)\ < C\t'2-t' 2|exp(-^) + C7t' 2|exp( 



\w\ 
~2t 



exp(- 



\wy 
~2t/ 



< c\t'- t\t-i-' exp(-M!) + ct'-i exp(-M!)^ 

< Ct-y -t\{pt{w)+p2t'{w)), 

|2 I |2 

since < exp(-'^-). Therefore, another application of (|47|) yields 

\pt{w) -pt'{w)\e^'\'^\dw < C{d)e^^'^'''t''^\t' -t\. 



ds 



(52) 



Taking this estimate with a change of variables, together with (jSip . we obtain 

\pt{x-w) -pt'{y-w)\e^'^'"^dw < C{d)e^^''' e^'^'-" 
An application of 1)471) and a change of variables also shows that 



2X'\.-y\ \x - y\ \t'- 

Vt t 



(53) 



\pt{x-w) -pt'{y-w)\e^'\'"\dw < C{d)e^^'^ *'(e^'l^l + e^'l^l). 



(54) 



If /? G (0, 1], the inequality z A 1 < for z > 0, and the previous two bounds now show that 

\pt{x-w)-ptiy-w)\e^'\'"\dw < C7((i)e2(^')'*'(e^'l^l + e^'l^l) 

x[e^f>^'\--y\\x-yft-''/^ + \t' -t\ft-% 
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which imphes (|15)) . Similarly, using and 

— If) — — tf)! • |pt(a; — 2:) — Pt'{x — z)\[\w — z\~'^ + I] dwdz 

< Ct-y-t\^ [ [ {ptiw)+P2Aw))iptiz)+P2Az))[\w-z\~'' + l]dwdz 

< C(a,d)(t~2-f +t-2)|f'-t|2, 

which proves (|5U() . □ 
We will also need the following rather technical lemma: 

Lemma 5.3 For b,c > with c < ^(6 + 1 — and a G (c, 1 — a/2), there is a finite constant 
= ( |gj)| (a, 6, c, a) suc/i i/iai t > 0, 

/•t rt prAr' 

Q{t,a,b,c,a) := / {t - rf-^~%t - r'f"^-'' {t - s)\r - s^ir' - s^ 

Jo Jo Jo 



Pr~si'w)pr' -s{z)[\w — z\ ° + 1] dwdzdsdrdr 

r 

PROOF. By Lemma IS.ll it suffices to estimate 

r [\t-rr~'-^{t 

Jo Jo 

{t - sf{r - s)-^{r' - s)-^[{r - s + r' - s)-^ + 1] dsdrdr' 



10 Jo 

rrAr' 







t rt 



= 2 1 I {t-r)^-^-^{t-sf{r-s)-'' 

Jo Js 

x(^j^{t- r')^-^-^[{r' - s)-"-t + (/ - s)-"] dr'^ drds, 

where we have used the symmetry in r and r' and concentrated on the case r < r'. Substituting 
V = and using that c<a<l — ^we calculate for t > r > s, 

l\t - r'Y'^~%r' - sY"-^ + (r' - s)-"] dr' 

Jr 

= (t-r)-t-^ / (l-vf-^-" (v + - -y-"^ +(t-r)'^(v + - dv 

Jo V t-r t-r i 

< C(a, c, a){t - ry-^[{t - r)""-"/^ a (r - s)-"-"/^ ^ _ ^ya ^ _ ^ya^^ 

Hence the required Q is at most C(a, c, a) times the sum of the following integral, /(/?), for /3 = a 
and /3 = a + a/2: 

t ft 
(t-s)' / 

Js 



I{f3)= / {t-sf {t-rf''~^-^''{r-s)-''(^{t-r)-'^A{r-s)'^^drds. 
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For these values of (3, I {(3) is at most 

J\t-s)^ (/ ' {t-rf''~^''^^~^{r-s)-''dr + j^^^^ {t - rf''-^-'^''{r - s^-^ dr^ ds 

< C(a, a) (^{t - 5)f'+2a-i-2c-/3 ^ ' (r - s^dr + {t - s)''-"-'^ {t - rf'^-^-^'^dr^ ds 

< C{a,c,a) f\t- sf+^-^'-l^ds <C{a,b,c,a)t''+''-^^-^+\ 

Jo 

Here, we have used that t — r > ^ for r G [s, ^] and analogously r — s > ^ for r € t] 
as well as our assumption of a > c and c < ^{b + 1 — The result follows upon summing over 
the two values of /?. □ 

PROOF OF THEOREM O 

Fix arbitrary (deterministic) {t, x), {t' , y) such that d{{t, x), {t' , y))<e = 2"^ {N G N) and t < t' 
(the case t' <t works analogously). As < (^7 + 1 — a/2) A 1, we may choose (5 G (0, 1 — a/2) 
so that 

1 >^7 + l-a/2-(5>6- (55) 

Note that ^7 < 1 shows we may choose 5 in the required range. Next choose 5' G (0, 5) and 
p G (0, ^7) so that 

1 >p + l -a/2-5 >^i, (56) 

and 

l> i-i + l- a/2-6' > ii. (57) 
Now consider for some random A^^i = Ni{ijo,^^^i) to be chosen below, 

P {\u{t, x) - u{t, y)\>\x- (t, x) G Zk,n,^, N > iVi) (58) 

{\u{t', x) - u{t, x)\ > \t' - t| i(i-t-'^)eP, {t, x) G Zk,n,<;, t' <Tk,N> iVi) . 



+ 



In order to simplify notation we define 

£)^'2^'*'*'(w;,z,s) = \pt-s{x -w) -pt'-siy -w)\\pt-s{x - z) -pt'-siy - z)\ 
■\u{s,w)\'^\u{s,z)\^'[\w - z]-"" + 1], 
D""'^' {w,z,s) = pt'-s{x - w)pt'-s{x - z)\u{s,w)\'^\u{s,z)\'^[\w - z\~" + 1]. 
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With this notation expression is bounded by 

¥{\u{t,x)-u{t,y)\ > G Zk,n,^,N>Ni (59) 

D'''y'''\w, z, s)dwdzds <\x- y|2-"-2^'e2p) 



t 

Jk.'^ Jr"^ 



+ 



+ 



"(juit^x) -u{t,x)\ > |t'-t|5(i-f-'5)eP, e ZK,N,^,t' <Tk,N > Ni 

f [ [ D^'''{w,z,s)dwdzds+ f [ [ D''''''''''{w,z,s)dwdzds <{t' -ty-^-^'e'^p) 
'(III D'=^y'^^\w,z,s)dwdzds>\x-y\'^-''-^^'e'^P,{t,x)£ZK,N,i,N>NA 
+ f I I D^^*'{w,z,s)dwdzds+ f I I D''''''^'^'{w,z,s)dwdzds 

^ Jt jR'i JR'i Jo JR'i JR-i 

> (t' _ i)l-f-5'g2p^ g ZK,N,ii,t' < Tk,N> 7Vi) 

=: Pi + P2 + P3 + Pi- 
Notice that the processes i Pt-si^ — w) (^a{u^{s, w)) — a{u'^{s, w)^ W{dwds) are continu- 
ous local martingales for any fixed x,t onO < t < t. We bound the appropriate difi'erences of these 
integrals by considering the respective quadratic variations of n(t, x) — u(t, y) and u{t' , x) — u{t, x) 
(see dJ). If \(t{u) — cr{v)\ < L\u — vp and recalling that \k{x,y)\ < q^^ jx — + 1], we see 
that the time integrals in the above probabilities differ from the appropriate square functions by 
a multiplicative factor of L^ q^^ 

If 6" = 6 — 5' > 0, B is a standard one-dimensional Brownian motion with -B(O) = 0, 
and B*{t) := supo<s<t |-B(s)|, then the first two probabilities of can be bounded using the 
Dubins-Schwarz Theorem: 

Pi < p(i?*(c[T3]LV-y|2— 2^'e2^)>|x-y|i-t-V) 



B*{l)./^\x - y\'~2~^ eP>\x-y 



B*{1) > i./^)-'\x - y\-' j < cEniexp(-^|y X - yl"' ), (60) 
where we have used the refiection principle in the last line. Likewise, 

= p(p*(l)>(^QL)-i|t'-tr^) <cieniexp(-c|yt'-tr^). (61) 

Here the constants and depend on d, L, and c^2} 

In order to bound P3 and we estimate the respective integral expressions by splitting them 
up in several parts: Let 61 G (0, ^(1 — ^)) and Iq = 0,ti = t — e^,t2 = t and t-^ = t'. We also 
define 

AI''{x) = {w eR'^ :\x -w\ <2Vt^e-^'} and aI''{x) =R'^\A\'\x), (62) 
Al{x) = {weR'^:\x-w\<2e^'^^}andAl{x)=R'^\Aj{x). (63) 

For notational convenience we will sometimes omit the index s for ^,^(3;). We continue to write 

Q^,yU' f I f D^^y''^''{w,z,s)dwdzds= V Q^ff, 
Jo Jr^Jr" ._.;,^,2 
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where 



And likewise, 



where 



QX,y,t,t' ._ 



D'''y'*'^'{w,z,s)dwdzds. 



Q-W f [ [ D^'''{w,z,s)dwdzds= V Qf/ 



D^'^'{w, z, s)dwdzds. 



It Ja]{x)JaI{x) 

Before we proceed let us note that u can be bounded on the sets A\ as follows: Set 

-5iV5(cj)] ^ pAf^(w) +4] 



<5i 



G N, 



(64) 



where [•] is the greatest integer function and assume > A^i in the following. 

Recall A > is a fixed constant used in the definition of Tk and hence Zk,n,s,- As it is fixed, 
we often suppress dependence on A in our notation. 

Lemma 5.4 Let N > Ni. Then on {lo : {t,x) G Zx,n,^}, 

\u{s,w)\ < lOe(^-^i)^ for s £ [t- e^,t'],w e Al{x), (65) 

\u{s,w)\ < (8 + 3K2^««)e^l'^l(t-s)2e-'^i« for s £ [0,t - e%w £ A\'' (x). (66) 

PROOF. We choose A' G N so that 2-^'-^ < 3e^-^' < 2"^'. Then 2-^'-^ < 2-^(i-'5i) < 
2-^'-\ and so by (jHH), 

A'> A(l-5i)-3> Ai(l-5i)-3> A^. (67) 
Assume (t, x) G Zx,n,^, < t' < Tk and choose {t,x) such that 

i<TK, d{it,x),{i,x)) < € = 2-^, and |n(t,x)| < 2"^^ = e^. (68) 
We first observe that for s G [t — e^,t'] and w G Al{x) so that — x| < 2e^~^^, we have 

d{{s,w),{t,x)) <e + 2e^-^' < 3e^-^' < 2"^'. (69) 
Therefore by (jSHJ and for s £ [t - e^,t'] and w £ Al{x), 

\u{s,w)\ < \u{t,x)\ + \u{t,x) — u{t,x)\ + \u{t,x) — u{s,w)\ 



< 2-2-^^ + 2-^'' 

< 2e^ + {8e^-^')^ 



(70) 



which proves H65() . Similarly, if s G [0, t — e ] and w £ j4j^'*(x) meaning that 
we have 



\w — x\ 



< 2^/r 



se 



-<5i 



d{{s, w), {t, x)) < Vt-s + 2Vt - se~^^ < S^/F 



se 



-<5i 



(71) 
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Notice that if 3^/^^e"''i < 2"^« then there exists an N' > such that 2'(^'+^) < 3^/t^e-^^ < 
so that we can as in (I65p bound 

|M(s,ti;)| < \u{t, x)\ + \u{t, x) — u{t, x)\ + \u{t, x) — u{s,'w)\ 

< 2-^« + 2-^« + 2-^'« 

< 2 • 2-^« + 2 • 2-(^'+i)« 

< 2(t-s)2 +2-3«(t-s)2e-^i^ 

< 8{t-s)h-^^^, (72) 

since e = 2^^ < ^/t — s. If on the other hand 3\/t — se^^^ > 2~^^ then we bound 

\uis,w)\ < Ke^l'"! 

= (i^(t-s)-2)e^l"'l(t-s)2 

< (i^e-'^i«3«2^f«)e^l'"l(t-s)i (73) 

Taking (jTH) and ((721) together we obtain □ 

In the rest of this section C{K) denotes a constant depending on K (and possibly A) which may 
change from hne to hne. We will first consider the terms for which j = k = 1 so that we can use 
the bounds (|65j) and (|66|) of Lemma 15.41 

Lemma 5.5 // < /5 < 1 - f , /?' < ^7 + 1 - f , and (i' < 1, then on {uj : {t,x) G Zx,Ar,g}, 



^2,1,1 


< 




d,/3,i^)e2(i-^i)«T|x-y|2/5, 




(74) 


^2,1,1 


< 




d,/3,i^)e2(i"^^)«T|t'-t|^ 




(75) 


^1,1,1 


< 




d, ^7, i^)(8 + 3K2^f«)2Te-2'5i€7|a; 




(76) 


^x,x,t,t' 


< 




d, ^7, i^)(8 + 3K2^f«)2Te-2'5i«7|i' 




(77) 




< 




^)^275(l-5i)|i/_i|l-f. 




(78) 



PROOF. Using the bounds (jHSJ and (jHSI) of Lemma 15.41 we obtain 
Qlf'/ < I00^e2(i-5i)57 /■ /■ (79) 

Jt-e2 JA2(x) 

• \pt-s{x - z) -pti-s{y - z)\ [\w - + 1] dwdzds, 
gx,y,t,t' ^ (8 + 3i^2^«^)2Te-2^i«^ /* ' (t - s)«^ / / e^^l^'le^^l^l (80) 

Jo JAlix) JAlix) 

■ \pt-s{x - w) -pt'-siy - w)\ \pt-s{x - z) -pt'-siy - z)\ [\w - + 1] dwdzds. 

Note that the above integrals only become larger if we integrate over the domain [0, t] x M^'^, which 
we will do in the following. We will use a version of the factorization method first introduced in 
|PKZ87j to estimate them. Noting that for s <t and < a < 1, 

(t - rr-\r - s^dr = — (81) 

sm vra) 
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and that for s < r < t, 

\pt-s{x - w) - pt'-s{y - w)\ < / Pr-s{w' - w) ■ \pt-r{x - w') - pt'-r{y - w')\dw' (82) 

we obtain with (|7n|l . 

Q^ff < C{a)e^('-'^^^^ f [\t-rr-\t-rr-' [ I J^A^' .A (83) 
\pt-r{x - w') -pt'-riy -w')\- \pt-r'{x - z') -pf-r'iv " z')\dw' dz' drdr' , 

where 

/>rAr' 

72 /„./ 



J,VK^') := / / / {T-s)-%r' -s)--pr^s{w' -w)pr'^s{z -z) (84) 

■ [\w — z\~" + 1] dwdzds, 
where J^^,{w',z') < J^^,,(0,0) according to (|^^ of Lemma 15.11 So we get 



Q^ff < C7(a)e2(i-^i)«^ r r(t-r)'^-i(t-r')"-V2^,(0,0) (85) 

Jo Jo 

( / \pt-r{x - w') -pt'-r{y - w')\dw'){ / \pt-r'{x - z ) -pf-r'iv - z')\dz')drdr' . 

The integrals in brackets can now be estimated with the help of H48|) in Lemma 15.21 Recall that 
{t,x) G Zx,N,^ and \x — y\ < , so that |x| < K,\y\ < K + 1, and t < K, and so (|15|) implies 

Qaif < C(a, a, d)e2(i-^i)5^|x-y|2/^Q(t, a, 0,/3/2, a) 

< C(a,d,/3,i^)e2(i-^i)«^|x-y|2'3ii-°/2-/3[i + ia/2]_ ^gg) 

Here we use (5 < 1 — ^ and choose a G (/3/2, 1 — (a/2)) so that Lemma 1^31 mav be applied in 
the last line. As t < iC, ((71)) follows. Likewise we get for the time differences, /3 < 1 — f , and 
^ < a < 1 — a/2, (use Lemma with /3/2 in place of (3), 

QX,xAt' ^ C{a,d)e'^^^-^'^^^\t' -tfQ{t,a,0,l3/2,a) 

< C{f3,a,d,K)e^^'^-^'^^^\t' -tf, (87) 

which is ((75|) . 

With an analogous calculation as in (|81() to (|85() except now using (|5n)) instead of ((7^. we 
obtain that 

Q^ff < C{a){8 + 3K2^i^f^e-^^'^^ f [\t-r)^-\t-r'r-^ [ [ Jl,,{w',z')i 

Jo Jo JR'* JR'' 

|pt_r.(x - w') - pt'-r{y -'w')\- \Pt~r'{x - z') - pt'-^r'{y " z')\dw' dz' drdr' , 

where 

prAr' p p 

Jly{w',z') = / {t-sf'< nr-s)--{r' -s)-- 
Jo JK.'i JR'* 

p^_,(u;' - w)pr'-s{z' - z) ■ e^^^\'"\+\'\\\w - z\''^ + 1] dwdzds 

prhr' p p 

< cle^Hr+r')^x^i\w'\+\z'\) / (t - s)«^ / / (r - s)-'^(r' - s)"'^ 

Jo Jr'' Jr'' 

P2{r-s)(^' — w)p2(^r'-s){^' ~ ~ -^l"" + 1] dwdzds 

=: c2e^'(^+'-')e^^(l-'l+l^'l)j,^,(t«',z'), 
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where in the second inequahty we have bounded {wl < \w'\ + \w' — w\ (and hkewise for z) and 
then used (|17l) . Again ^,{w' , z') < J^^, (0, 0) independent of w' and z' due to (|^^ of Lemma 
15.11 Hence, we get 



Ql'f/ < Cid,a)e^^'^{8 + 3K2^^^f"'e~^^'^^ [ [ {t - rf-\t - r'yU^ ^,{0,0) (90) 

Jo Jo 

X (^^^ - w') - pt^^riy - w')\e^^^^yw'^ 

X (^j \pt_r'{x-z')-pt'^r'{y-z')\e^^^^'kz'^drdr'. 

And so, after a change of variables, the spatial differences are bounded by 

QTjf < C{d,a)e^^'''{8 + 3i^2^e«)27e4A2/^+2A(i^+i)+4A^-25i57|^ _ y\^P' Q(^2t,a,Cl, 

< C(d,C7,/3',a,i^)(8 + 3K2^f«)2Te-2^i«T|x-yp^' (91) 

if /?' < ^7 + 1 — ^, /?' < 1, and a is chosen in {P' /2, 1 — a/2) / (recall a < 1), according to 
(|48)) of Lemma 15.21 and Lemma 15.31 combined with (|47j> . This proves (|76j) . Similarly, for the time 
differences we obtain 

^1,1,1 



2 ' 

< C{d, e7, a, K){8 + 3i^2^««)2Te-25iC7|i' _ ^j/?' (92) 



< C{d, a)e2^'^(8 + 3K2^e«)27e4A2(i^+i)+2A(i^+i)+4A^-25,C7|i' _ i|/5'Q(o, q, 0, 2t, a, ^7, y , « 



if again /3' < 1^7 + 1 — ^, /?' < 1 and a is chosen as above. This shows (|77() . 

Finally, we address the remaining case using ()65p of Lemma l5.4l to bound n and Lemma l5. II 

QxAt' ^ (^g27m-'5i) f [ f pt'-six - W)pt'-s{x - Z)[\W - z]-"" + l]dwdzds 

Jt Jr'^ JRd 
ft' 

< C(a,d)e2T«(i~^i) / [(t' - s)-f + l]ds 

< C(a,d)e2T«(i-^i)[|t'_t|i-f + (93) 
and CZHl) follows as |t' -t\<l. □ 

Next, we consider all the terms for which j = k = 2. Here, we will use that for t < Tk we 
can bound |'u(t,a;)| < Ke^^^V 

Lemma 5.6 For 0</3<l — ^ we obtain for i = 1,2, and on {uj : (t, x) £ Zk,n,^}, 

Qflf < ^rf,a,^)exp(-ie-2^Hl-/5))|x-yp^ (94) 



Qflf ^ <l^d,a,K)eM-je-''Hl-'im'-tf, (95) 



4 ^ 2 

^2,2*' < cl^t^,a,/3,i^)exp(-ie-25ni-/3))|i'-t|'"^- (96) 
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PROOF. Recall d{{t,x), {t',y)) < e. For i = 1 we are interested in the case s E [0, f — e^] and 
|x — w;| > 2^/t — se^^^. Since \x — y\ < e this implies that \y — w\ > \\x — w\ — \x — y\\ > 
2y/t^e-^^ - e > ^/t^e-^K Furthermore, t' - s = t' - t + t - s < + t - s < 2{t - s). This 
implies 

exp(- 'r"'j V exp(- '^-"'j < exp(- '"-"'j V exp(-^^) < exp(-le-^^^). (97) 
Therefore, for v = x ox v = y and r = t or r = t', 

Pr-s{v -w)<2^ exp{-^e-^^^)p2(r-s){v - w). (98) 
Using this we obtain for any P £ (0, 1) by applying Holder's inequality that is bounded 

by 

(/, /, {pt-s{x-w)+pt'-s{y-w)){pt-s{x- z)+pt'^s{y- z)) 

^ J aI'" (x) J aI'" (x) 

■ [{w - zl"" + l]\u{s,w)\^\u{s,z)\^dwdzj ^ 
•(/, / \pt-s{x - w) - pt'^siy - w)\\pt-s{x - z) - pt'-siy - z)\ 

^JAl'^ix) JaY{x) 

• [\w - z\-°' + l\dwdz\ ds 

< C{d, a)e2^'^i^27e2A7{i^+i) eM-]^'^'' (1 " /?)) t'^ [(* " s)-t(i-^) + 1] (99) 
( / / \pt-s{x - w) - pt'-siy - w)\\pt-s{x - z) - pt'-siy - z)\[\w - z\~'^ + l]dwdz) ds. 

Here, we have used that u{t, x) < Ke^^^^ and 1)98(1 as well as ()46() of Lemma f5.ll We have also used 
the fact that e^'^^^^ and e'^''''^' are both bounded by e'^^^^'^^^ since |x| < K and |x — y| < e < 1. 
Using H49p of Lemma 15.21 to estimate the integral in parentheses when t = t' we obtain 

< C{d,a)e'''^{Ke'^^^'yfeM-le-''^{l-P))\x-y\'' 



t-e 



2 



(t - s)-t-^ + (t - s)-^ds 







< C(d,a)KV(^'+^)(^+i)exp(-ie-25Hl-/3))k-y|'^ (100) 

provided that /? < 1 — ^, showing (|94() for i=l. Likewise, using (|5U() of Lemma 15.21 for the time 
differences when x = y implies (|95() for i=l if again < /3 < 1 — ^-here we replace (3 with /3/2 
in the above. 

For i = 2 and (522* ^^^^ proceed analogously. We merely have to establish in the case: 
s G [t — e^,t'] and |x — > 2e^~'^^. Since |x — y| < e this implies now |y — > — w| — |x — y|| > 
2e^^'^i - e > e^^^^ . Furthermore, t'-s = t'-t + t- s<(? + t- s<2e^. From this the bound 
(|U7|) follows and we obtain immediately and for i = 2 provided that /3 < 1 — ^. 
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Lastly, we obtain with the help of ()97() (verified above) and H46|) of Lemma l5. 11 



(32 2*' < C{d,(3)K'^^ exp{--e 



-2(5i 



(1-/3)) 



< C{d, P, a)i^27g2A2(i^+l)//3g2A(K+l) g^p(_ 1-25,(1 - /?)) /* - 5))-t + 1] ds 

2 Jt P 

(101) 



< C(d, a, A K)) exp(-ie-2^Hl " f^W " 
which is H96p and hence completes the proof. 



□ 



It remains to consider the "mixed terms" for which j = 2 and A; = 1 or vice versa. Say j = 2. 
In this case H97() holds for the exponential in the w integral, and we can bound the exponential 
in the z integral by one. Otherwise we follow the same steps as in Lemma 15.61 treating the 
case j = k = 2. In this manner, we obtain the same bounds as in 1)94(1 to ()96|) with the only 
difference that exp(-ie-2^i (1 - /?)) is replaced by exp(-ie-2'5i (1 - /?)) and exp(-ie~2'5i (i _ /3)) 



by exp(- 



(1-/3))- 



We are now taking the estimates (|74() . ()76() and (|94|) together with those for the mixed terms 
and choose (3 = 1 — ^ — 5', respectively, /?' = 1 — ^ — ^ + ^7 < 1 (by (|57() ) in those estimates. 
This shows that for (t, x) G Zj^^jsf^^, |x — y| < e = 2^^ and N > Ni, 



QX,y,t,t < (^(^^1 



X - y| 



e2{i-'5i)C7 + (8 + 3K2^««)2^e-2'5i«^|x - y| 



2«7 



exp(--6-2^Hf + 5')) + exp( 



1 -25w« 



< C{K)\x-y\'^'-^-''^ e2(i-^0«^22^««^ + exp(--e-2^^^ 

L 16 



(102) 



We have the analogous bounds for g^.^.*'*' + Q^.*.*' with the help of JZSl), ((ZZ|), dZSI), and 
just replace \x — with |t' — t\ and use |t' — t\ < e^. We deduce that for N > Ni and 

(t, x) G Zk,n,^, 



Q 



x,x,t,t' 



' + Q--*'*' < C(i^)|t' - t|i-t''^' e2(i-5i)e722iVef7 + exp(--e-2^i: 

L 16 



We can finally conclude that in (|59|) . P3 = P4 = if 



C{K) ^e2(i-5i)€722^e?7 + exp(--e 



2<5i 



< e 



2p 



(103) 



(104) 



For this it is sufficient that 



C(i^)e2{l-5i)C722JV«?7 < ^g2p^ 



C(i^)exp(-^e-2^- 



1 



2p 



(105) 
(106) 



Since (tTnH|) is equivalent to 2C{K) < 22^[{i-'5i)e7-p]-2Afe«7^ it suffices to choose 5i > smaU 
enough so that (1 — 5i)^'y — p > (which is possible since ^7 > p) and then to assume N > 
[CQ{i,5i)N^] G N as weh as > NQ{K,i,5i,p) £ N deterministic so that both (tTT^Kl) and (TrilHll 
hold. Note that the constants depend ultimately on ^, ,^1 and K. Hence, (1^0]) and (|HT|) imply 
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that \iN2{L0,i,ii,K) = V [Co{i,6i)Ni.]y NQ{K,i,5up), then for d{{t,x),{t' ,y)) < 2"^, 

t < t\ 

¥(\u{t,x)-u{t,y)\ > |x-y|i-t-V^P, {t, x) G Zk,n,^, N > N2) 

+¥{\u{t',x)-u{t,x)\ > |t'-t|5(i-f-'5)2-^P, {t,x) G ZK,N,^,t' <Tk,N> iVs) 

< qeni(exp(-(|y ^ - y\~'") + e^v{-^t' - (lo?) 

tin rl 

Now let ei be the / unit vector in M and set 

d 

Mn,N,K = max{^ |^i(j2-2", {z + 602"") - n(i2-2", z2-")| 

+ |n((j + e)2-2", z2-") - n(i2-2", ^2"")! : 
\z\ < /i:2", (j + e)2-2" < Ti^^j eZ+,ze Z'^, 
eG {1,2,3}, U2-''\z2-^)e ZK,N,i}- 

(fTUT)) imphes that if 

An = {uj : for some n>N, Mn,N,K >{d+l)- 2-"(i-f --5)2-^^, AT > N2}, 
then for some fixed constants C{d),c\,C2 > 0, 



00 00 

s" 



iAn') < C{d) E K''+H''+^>e 

N'=Nn=N' 

< C{d)K''+\N, 



where 7]n = e ^^^^ . Therefore N^{u!) = min{A^ G N : w G A'j^, for ah A^' > N} < 00 a.s. and 
in fact 

¥{Ns > N)= P(UAr/>7v^^') < C{d)K'^+^riN. (108) 

Choose m G N with m > log2(3 + \fd) and assume > {N^ + m) V N2. Let {t,x) G Zk.n,^, 
d{{t', y), {t, x)) < 2"^, and t' < Tk- Forn > let tn G 4-"Z+ and x„,i G 2-"Z = 1, . . ^ , d) 
be the unique points so that tn < t < tn + 4r^, Xn,i < Xi < Xn,i + 2~" for > and 
— 2~" < < if Xi < 0. Similarly define and with (t',?/) in place of {t,x). 
Choose {t,x) as in the definition of Zk,n,( (recall {t,x) G Zk,n,()- lin> N, then 

d{{t'n,yn),{i,x)) < d{{t'^, yn),{t',y)) + d{{t' ,y),{t,x)) + d{{t,x),{i,x)) 

< VK-t'\ + \y-yn\ + 2-'' + 2-"" 

< (3 + \/d)2-^ < 2"-^. 

Therefore {t'n,yn) £ ZK,N-m,i-, and similarly (and slightly more simply) (t„, x„) G ZK,N-m,(- Our 
definitions imply that t]\f and are equal or adjacent in 4~^Z_|- and similarly for the components 
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of xjv and yAr in 2 ^Z-(_. This, together with the continuity of u, the triangle inequahty, and our 
lower bound on N (which shows N — m > N^), implies 

\u{t,x) - u{t',y)\ < \u{t]y,XN) - u{t'i^,yN)\ 

oo 

+ X] \u{in+l,Xn+l) - u{tn,Xn)\ + |n(4+i,y„+l) - u{t'^,yn)\ 
n=N 

oo 
n=N 

oo 

< 4^(d + l)-2-"(^-t-^)2-(^-™)P 

n=N 

< co(d,p)2-^(i-t-^+P) 

< 2-^«i. 

The last line is valid for N > because 1 — ^ — (5+p>^iby (|56|) . Here is deterministic 
and may depend on p, ^1, 5, cq and hence ultimately on ^, ^1. This proves the required result with 



N^^ (w) = max(A''3(a;) + m, 



bNi:{uj) 



Therefore, if i? = 5/5i V Co(C, ^i) and iV > N{K) := Nq V N4 (deterministic), (fTHHl) implies that 

P(% > iV) < P(iV3 > - m) + 2P(iV5 > N/R) < c{d)K'^+^r]N-m + 2F{N^ > N/R), 
which gives the required probability bound (PH|) . 



6 Appendix (Proof of Theorems II. 2L 11.81} 

In this appendix, we briefly describe the construction of solutions to H12|) with colored noise 
and non-Lipschitz coefficients. We start by citing the following result which states necessary 
conditions for the existence of solutions to H12|) with Lipschitz coefficients and bounded initial 
conditions (see Dalang |Dal99j ) : 

Theorem 6.1 Let uq be measurable and bounded and let a be a Lipschitz continuous function. 
Assume that {A)rj holds for 77 = 1. Then there exists a pathwise unique solution u to ilS]) which 
is also a strong solution. The process u satisfies a uniform moment bound: For any T > 0, and 

p e [1,00), 

sup sup E(|n(t,x)|P) < 00. (109) 
o<t<Txm'' 

We would like to remark that the original theorem of Dalang |Dal99j stipulates that the noise 
be spatially homogeneous. However, it is not hard to see that all that is needed is that it be 
bounded by an appropriate spatially homogeneous term in the sense of condition {A)^^. 

Denote L"^^ = {n : esssup^£]gd|w(x)|e~''*l^'l < 00 for all A > O}. Here the ess sup is of course 
with respect to Lebesgue measure. 

We introduce some frequently-used notation. For any function v : x M and stopping 

time r, we set 

r-'v{t,x) = f f (t-sr''pt-s{x-y)v{s,y)dyds, (110) 
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as well as 

J>(t,x) = /V l{s<T){t-sr^pt-s{x-y)a{v{s,y))W{dyds). (Ill) 

JO JR'' 

The stochastic Fubini Theorem implies 

ft 

ra-l TT, 



r-'j:v{t,x)= / lis<T)pt-six-y)c7iv{s,y))W{dyds). (112) 
Jo JRd 

We will use the notation Jav{t,x) = J*t;(t, x), when r = t in the above. Also set 

Gl^vit,x) := E {\v{t,x)\nit < r)e-^l-'l) , 
and again G\^pv{t,x) = G\pV{t,x) whenever t = t. 

Lemma 6.2 Let a be a continuous function satisfying the growth condition 

Assume that {A)rj holds for some rj G [0, 1) and let a < (1 — ri)/2. Let v : Q x R+ x M'' ^ M 6e 
'P{J-.) X BiW^) -measurable (P{J-.) is the {J^t)-pf^dictable a-field). Then for any T, X > 0, p > 2, 
and stopping time t, 

sup sup E ('|JXt,x)|Pe-^l^l) < C7(r,A,p)(j^ sup sup {l + Gl v{s, x)) , Vt < T. (114) 

PROOF. First fix arbitrary p > 2 and x G M.'^. Then, using the growth condition on a as well as 
Burkholder's inequality and \k{x,y)\ < (Jf^jx — y) we get 



mJiv{t,x)\ 



^ ^flSF((/ j^J^{t - s)-^''pt-s{x - y)pt-s{x - z)~k{y - z) 

■ (l + l(s < T)|v(s,y)|)(l + l(s < T)\v{s,z)\)dydzds) 



- ^tH VX " j^, j^^Pt-s{y)pt-s{z)k{y - z)dydzds 
■ ( fit - s)-"' [ [ pt-s{y)pt-s{z)k{y - z) 



£-1 
2 ^ 



• Ie((1 + l(s < T)\v{s,y- x)\)^{l + l(s < t)\v{s, z - x)\)2^dydzds^ . 

Apply Holder's inequality to the expected value in this expression and shift variables to bound 
it by 



1 , ,1 



e((1 + l{s < T)\v{s,y- x)|)P) 'e((1 + 1(s < t)\v{s, z - x)|)p) ' 

< C(A,p)e^(IJ'l+l^l)+^l^l(l + sup Gl „v{^, S)). (115) 
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Hence, we arrive at 

K(\J^v{t,x)\Pe'^\^\ 



'2a 



et(l2/l+kl) 



£-1 

2 ^ 



< 



Pt-s{y)vt-s{z)k{y - z)dydzds I 
pt-s{y)pt~s{z)k{y - z)dydz){l + sup G\pV{s,z))ds 

f{t - s)(l + sup G\^pv{s, z))ds 



< C(r,A,p)(i^ sup sup{l + Gl^v{s,z)), Vt<T, xGM'^, 



(116) 



where 



f(r)=r'^'^{l I p2r{y)p2r{z)k{y - z)dydz). 



Here, we have used that e^l^lpt(y) < C{T, X)p2t{y) for t <T, see (|17)). We have also used the fact 
that / is integrable on [0, T] for a < (cf. proof of Lemma 2.2 of 
for aU p >2. 



This proves (fm|) 
□ 



Lemma 6.3 Let uq G and let a be a continuous function satisfying the growth condi- 

tion mi,'^) . Assume that (A)^ holds for some rj € [0, 1). If u is any solution to such that 

sup sup E (|u(t,x)|Pe~^l^l) < oo, VT > 0,^? > 0, A > 0, (117) 
then for any T,p,X > 0, there exists p > p such that 
E sup sup |'u(t,2;)|Pe-^l^l < CrxpimM hoU oo) 

\0<t<Tx<^Q'i j 

where Ct.\,p{-,-) is bounded on the compacts o/M-|- x 
PROOF. 



1+ sup sup G\ -u(t,x) ) , (118) 



E sup sup |n(t,x)|Pe-^l^l < CE sup sup 

\0<t<Tx£Q'' J \0<t<TxeQ'i 



pt{x - y)uo{y)dy 



-Ala; 



+CE sup sup 

XOKtKTxGQd 



Jm.'' 



Pt-six - y)(7iu{s, y))W{dyds] 



-\\x\ 



(119) 



The first term on the right hand side of H119|) is bounded by 



sup sup 

0<t<Tx&L'i 



pt{x - y)\uQ{y)\P dye 



< C(T, A) ||no| A sup sup 

?'°°0<i<Ta;GK'« 



Pt{x - y)e^\yUye-^\''\ 



< CiT,X,p)\\uo 



IP 

p 



(120) 
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In this calculation we have used Jensen's Inequahty as weh as the fact that 

[ pt{x-y)e^\y\dy<C{T,X)e^\-\ (121) 

for t < T and A G M (see Lemma 6.2 of |Shi94p . 

We bound the second term on the right hand side of (|119|) with the help of the factorization 
method of |PKZ87j (compare H81() and (jHH))- Let < a < (1 — r/)/2 and choose arbitrary 

i+- r I I V 

p* > > 2. Assume that p > p*. Recall ||w||a,p = / |f (a;)|^e~''*l^'l dx 
Holder's inequality to get 



. Use (|112|) and apply 



E sup sup 

\t<Tx£Q'i 



Pt-s{x - y)cr{u{s, y))W{dyds] 



p 



E sup sup |J"-Van(t,x)|Pe-^l^l 



< Ce(supsup|/ {t-sf-^(l pt^s{x-y)e^\y\ ■\Jau{s,y)\^e-^\y\dTi]' ds\Pe-^\''\ 

< CE fsup sup I f{t - sf-^ ( I pt-six - y)^e^\y\dy) " ■ \\JaUs\\x,pds\Pe-^^A 

\t<TxeQd Jo \JRd J j 

< C{T,X)E ^SUp (^j\t - sf-^-^v . \\JaUs\\x,pd^ ^ 

s'-'^-^-^v^^^dsj ■ E(\\JaU,\\l^^ ds. 



122) 



Here, we have also used ()121() and pt{x) < Ct 2. Lemma 16.21 implies 

e( [ \Jau{t,x)\Pe-^\''\dx) < C{T,\,p)<^sup sup (l + Gxu{s,x)) 

Recall that a < — ^-^ and p > p* > . A bit of algebra shows that the whole expression in ()122p 
is finite and bounded by 



C(^>^)P)'#T^ sup sup 1 + Ga„u(s,3;)) 



This together with (|119|) . (|12Ujl proves (|118jl for all p > p* with p = p. Note, however, that if 
p < p* then H118() also holds with p = p* due to the fact that < 1 + for any u > 0,p < p* . 
Hence we are done. 

□ 

The next result gives bounds on spatial and temporal differences of stochastic convolution 
integrals which in particular will imply they are Holder continuous. The result is an adaptation 
of Theorem 2.1 of Sanz-Sole and Sarra SSSOlj to our situation. 

Lemma 6.4 Let u be a solution to m<^) satisfying the assumptions of Lemma lb.'A Define 

Zit, x) = J Pt-six - y)a{u{s, y))W{dsdy), t>0, xeM'^. (123) 
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Then, for T,R > 0, and < t,t' < T, x, x' G M'^ such that \x — x'\ < R as well as p G [2, oo) and 

e G (0, 1 - 7?) 



E(\Z{t,x) - Z{t',x')\Pe 



(124) 



< C{T,\,p)(fTj7j\l+ sup sup ^(5,2;) ( 



t-t'\y + 



X — X 



In particular, if u{-,-) is bounded on [0, T] x M^, then there is a version of Z which is 



uniformly Holder continuous on compact subsets of [0, T] x M with coefficients | in time and ^ 
in space. 

PROOF. The proof follows the proof of Theorem 2.1 in Sanz-Sole and Sarra use the 

same notation as in the proof of Lemma lOl so Z{t,x) = J"'~^Jau{t,x) by (|112jl . Now assume 
that t' > t. By Lemma 16.21 and Holder's inequality we obtain 

E{\Z{t',x')-Z{t,x)\P) e-^l^'l 

< G{p)k( f f {p,,_^{x'-y){t'-sr-'-pt.s(.x-y){t-sr-') 

^ Jo Jk'' 

Jau{s,y)dyds je -''''l 
+C{p)E ^* - - sr-'Jau{s,y)dyds ^ e"^!^'! 

< C(r,A,p)cjf™( 1+ sup snvG^u{s,x)]e-^\^\ 
f I \pt^.s{x - yW - sf-^ - pt-s{x - y){t - sf~^\e^^\''\dydsy 

Jo jRd ' 

^* \^Vt'-s{x' - y){t' - sT-^e^^^y^dydsJ]. 

Here, we have in the second inequality also inserted additional factors of e i+r'^'ep+i so that 
we could apply Lemma 1^?^ to bound the expectation of JaU by using Jensen's inequality. From 
this point we proceed as in |SSS02j (proof of Theorem 2.1), the only difference being that we 



have to take care of the additional nuisance factors e^+i'^'. This can be done with the help of 
(|12H1 and (|48jl of Lemma 15.21 using the remaining factor e"^'^'. □ 



The next lemma assures that for any u G C(M+,Ctem) which solves (|12|) . G\^pu{t,x) is 
bounded. 

Lemma 6.5 Let uq G Gtem (^nd let a be a continuous function satisfying the growth condi- 
tion M1S\) . Assume that (A)^ holds for some 77 G [0,1). If u G C(M+,Ctem) cl.s. is a solution 
to Mi^) then it satisfies the following moment bound. For any T > and p>l, 

sup supE(|n(t,x)re-^l"l) <CT,A,p(qiIlholUoo)' (125) 

where CT,x,pi-,-) is bounded on the compacts o/M+ x M_|_. 
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PROOF. Define 



We set 



Note that by definition, 



From dni) we get 



Tn = inf{t : Until A ^>n] 
Gl,pU{t,x) := E (\u{t,x)\n{t < T„)e-^l^l 



sup sup G''^^u{t,x) < nP, Vt > 0,n > 1. 

s<t 



(126) 



sup sup G^^pU{t, X 



0<t<Tx& 



< C sup sup E 
+C sup sup E 

0<t<Ta;GR'* 



pt{x - y)uo{y)dy 



-X\x\ 



(127) 



JR'' 



Pt-s{x-y)lis < Tn)aiu{s,y))Widyds)\Pe-^\''\ ] . (128) 



By ()120() the term on line H127|) is bounded by 

CiT,\,p) \\uo\ 



- ,oo 



(129) 



Again, as in Lemma 16.31 we use the factorization method to bound the term in (|128j) . First, 
we assume that p > > 2 so that we can choose a constant a with < ^ < a < < 1. 
Recall (|112() . and by several applications of Holder's inequality we obtain 



E (^|J"-V„^"n(t,x)|Pe-^l^'l) 



CE 



< CE 



{t - sf 'pt^s{x - y)Ja"u{s, y)dyds 



it-s) 



a-l 



Pt-s{x - y)Ja"u{s,y)dy 



-X\x\ 



ds 



< C(T, A)E / (t - s 



\a-l 



\J^"u{s,y)\Ppt-s{x-y)e ^l^ldyj ds j j 

E{\J^-uis,y)\P) e-^^^^Pt-s{x - y)dyds 



< 



C(T, X,p)a^T^ ( 1 + / sup sup GT" u(r, z)ds ] , Vt < T, x G M"', 

Jo 0<r<.^gM<i J 



(130) 



where we have also used Lemma 16.21 and H121() in the last inequality as well as a > | . Taking 
H129|) together with (|13U|) . we obtain that there is a constant C = C{T,\,p) independent of n 
such that for all t <T, 

sup sup G^" n(t,x) < C(c^p7i+ lluoll A )(l + / sup sup G>u(r, x)(is) , Vn > 1. (131) 

0<s<txm'i p'°° \ Jo 0<r<SxGR'l J 
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But the left hand side is bounded (due to (|126() ). Thus, by GronwaU's Lemma, 

sup sup u{t,x) < gr,A,p(qTT8l ll^olU oo)'^^ ^ 1' (132) 

where Ct,x,p{-, •) is bounded on the compacts of M+ x (We have obtained this result with 
the restriction p > , which then immediately implies that it is true for all p > since we are 
considering norms with respect to a finite measure.) 

Now, recall that u £ C(M+,Ctem) a-S- so that t cxd a.s., and hence 

E(|n(t,rE)|fe-^l^l) = E Qirn |u(t, 2;)|Pl(t < r„)e-^l^l) 
< liminf GT" n(t,x), 

n— >oo 'f^ 

where the second inequality follows by Fatou's lemma. Use this and the fact that the right hand 
side of l|132|) does not depend on n to obtain 

sup supE(|7x(t,a;)|fe-^l"l) < Cr.A,p(cimt ll^olU ^), Vn > 1, (133) 
o<t<Txm'^ V / — p' 

where Cr,A,p(') •) is bounded on the compacts of M+ x M_|_. 

□ 



PROOF OF THEOREM O Recah our hypotheses imply {A)r, holds for some r] G [0, 1) (see 
Remark 11.1(1 . We can choose a sequence of Lipschitz continuous functions an on such that 
the growth bound © holds uniformly (cJ„('u) < (|^1 + \u\) for all n G R, n G N), and such that 
the an converge uniformly to a as n — > oo. We also set 

{uo{x) if |uo(x)| < m, 
m if uq{x) > m, 
—m if uo{x) < —m, 

which implies that G C(,(M'^) and 

sup sup |n[}*(x)|e-^l^'l < oo. (134) 

Hence, by Theorem 16.11 for each m, n there exists a unique solution to 

^™'"(t,a;) = / pt{x-y)u^{y)dy+ f I pt-.s{x - y)an{u^^^{s,y))W{dyds). (135) 

JR^ Jo JRd 

It is easy to check that the first term on the right hand side of (|135() is jointly continuous on 
[0, oo) X W^. Moreover, by Theorem 16.11 supo<t<T sup^gj^d E (|M™''"(t, x)|^) < oo, and hence by 
Lemmas 16. 3| 16.41 we obtain that 

U"''^ eC{R+,Ctem). (136) 

Now let us go to the limit as m,n ^ oo. Let Z"^'" denote that stochastic integral on the right 
hand side of (|135|) . Since u"^'" g C(M+ ,Ctem) we may apply Lemmas 16. 4| 16. 51 to get 

E(|Z-'"(t,x)-Z-'"(t',x')re-^l"l) < Ct,a,p((0|KIU,J, (137) 
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where Ctxp{'-> ') bounded on the compacts of M+ x M_|_. ()137() combined with a Kolmogorov 
type tightness criterion (see Lemma 6.3 of Shiga |Shi94j ) now imphes that the stochastic integrals 
^m,n ^jgjj^ jj^ C(M+,Ctem)- It is also not hard to show that it,x) i— > j^^Ptix — y)u^dy are 
tight in C(M+, Ctem) by using the Arzela-Ascoli Theorem and the uniformity in m as in ()134|1 . 

Therefore, u™'" are tight in C(M_|_, Ctem) and we can choose an appropriate probabihty space 
and define n™''" on it identical in distribution to a subsequence of the original sequence of solutions 
which converge a.s. in C(M+,Ctem) to some process u. It is routine to establish from this that 
all the terms in ()12() converge a.s. to the appropriate limits so that the limit u G C(M+, Ctem) is 
indeed a solution to (fT2|) with the desired a and uq G Ctem- 

□ 

PROOF OF PROPOSITION Ol Recall from Remark O that our hypotheses imply (A)^ for 
any r] G (a/2,1). Lemmas 16.31 and 16.51 now imply (a). Now use Lemma 16.41 fand Lemma l6.5p to 
derive part (b) for Z. For uq G Ctem, StUQ{x) = f pt{y — x)uo{y)dy is smooth on (0,oo) x W^, 
and so is uniformly Lipschitz on compact subsets of (0, oo) x M*^. This gives the required Holder 
continuity for u. □ 

References 

[Dal99] R. C. Dalang. Extending martingale measure stochastic integrals with applications to spatially 
homogeneous SPDEs. Electronic Journal of Probability, 4:1-29, 1999. 

[PKZ87] G. Da Prato, S. Kwapien, and J. Zabczyk. Regularity of solutions of linear stochastic equations 
in Hilbert spaces. Stochastics, (23):l-23, 1987. 

[M98] L Mytnik. Weak uniqueness for the heat equation with noise. Ann. Probab. 26(3):968-984, 1998. 

[P02] E. Perkins. Dawson- Watanabe superprocesses and measure-valued diffusions. In Ecole d'ete de 
probabilites de Saint Flour XXIX-1999, Lecture Notes Math. 125-324, Springer, 2002. 

[PZOO] S. Peszat and J. Zabczyk. Nonlinear stochastic wave and heat equations. Probab. Theory Relat. 
Fields, 116:421-443, 2000. 

[RY91] D. Revuz and M. Yor. Continuous martingales and Brownian Motion. Springer, 1991. 

[Shi94] T. Shiga. Two contrasting properties of solutions for one-dimensional stochastic partial differ- 
ential equations. Canadian Journal of Mathematics, 46:415-437, 1994. 

[SSS02] M. Sanz-Sole and M. Sarra. Progress in Probability, Stochastic Analysis, Random Fields and 
Applications, chapter Hoelder continuity for the stochastic heat equation with spatially correlated 
noise. Birkhaeuser Basel, 2002. 

[Ste67] E. M. Stein. Singular integrals, harmonic functions, and differentiability properties of functions 
of several variables. Singular integrals (Proc. Sympos. Pure Math., Chicago, III., 1966), 1967. 

[Stu02] A. Sturm. On spatially structured population processes and relations to stochastic partical dif- 
ferential equations. PhD thesis. University of Oxford, 2002. 

[Stu03] A. Sturm. On convergence of population processes in random environments to the stochastic 
heat equation with colored noise. Electron. J. Probab., 8(6):39pp., 2003. 

[Vio76] M. Viot. Solutions faibles d'equations aux drivees partielles stochastique non lineaires. PhD 
thesis, Universite Pierre et Marie Curie-Paris VI, 1976. 

[Wal86] J. B. Walsh. An introduction to stochastic partial differential equations, volume 1180 of Lecture 
Notes in Mathematics. Springer, 1986. 



39 



[YW71] T. Yamada and S. Watanabc. On the uniqueness of solutions of stochastic differential equations. 
J. Math. Kyoto Univ., 11:155-167, 1971. 



